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Propagation in coaxial 

transmission lines 

 52

L’usage du câble coaxial s'étend à toute application dans laquelle un signal doit être 
transporté d’un point à un autre en subissant un minimum de déformation et 
d’affaiblissement, le tout en étant protégé des interférences extérieures. L'avantage d'un câble 
coaxial sur une ligne bifilaire (constituée de deux conducteurs parallèles séparés par un 
diélectrique) réside dans la création d'un écran (cage de Faraday) qui protège le signal des 
perturbations électromagnétiques et qui évite que les conducteurs ne produisent eux-mêmes 
des perturbations. Un câble coaxial peut être placé le long des murs, gouttières ou enfoui car 
la présence d'objets à proximité n'influence pas la propagation du signal dans la ligne. 
Le câble coaxial ou ligne coaxiale est une ligne de transmission, composée d'un câble à deux 
conducteurs. L'âme centrale, qui peut être mono-brin ou multi-brins (en cuivre ou en acier 
cuivré ou en cuivre argenté), est entourée d'un matériau diélectrique (isolant). Le diélectrique 
est entouré d'une gaine conductrice tressée (ou feuille d'aluminium enroulée), appelée 
blindage, puis d'une enveloppe de matière plastique (PVC). 

 
 

 

 

 

 

 

 

 

Figure 1 : Structure d'un câble coaxial 
 

La connexion à un câble coaxial doit être réalisée par l'utilisation de connecteurs coaxiaux 
adaptés au câble et montés en respectant les indications fournies pour conserver à l'ensemble 
les caractéristiques souhaitées en termes de qualité de transmission (par exemple le 
connecteur BNC). 
 

 

 

 

 

 

 

Durant ce TD, nous allons étudier deux principaux paramètres qui doivent être pris en compte 
lors de l’utilisation d’un câble coaxial comme ligne de transmission : 

x l’atténuation dans le câble coaxial, 
x la nécessité d’adapter la ligne de transmission (adaptation d’impédance) 

permettant de transmettre le maximum de puissance à une charge placée à 
l'extrémité de la ligne. 

 

 

Figure 2 : Connecteurs BNC (Baby Neill-
Concelman) 
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Connectors 

Les connecteurs présentent une grande variété de formes et de 
tailles. En plus de types standard, les connecteurs peuvent être de 
polarité inverse (sexes inversés) ou de filetée inverse.!
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Adaptators and Pigtails 

Les adaptateurs et pigtails sont utilisés pour interconnecter les 
différents types de câbles ou de dispositifs.!

SMA female to N male! N male to N male! N female to N female! SMA male to TNC male!

SMA male to N female!

U.FL to N male pigtail!

U.FL to RP-TNC"
male pigtail!
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Losses 

La perte (ou atténuation) d'un câble coaxial dépend de la 
construction du câble et la fréquence de fonctionnement. Le 
montant total de la perte est proportionnelle à la longueur 
du câble.!

type de cable! diametre!
atténuation à"

2.4 GHz!
atténuation à"

 5.3 GHz!

RG-58! 4.95 mm! 0.846 dB/m! 1.472 dB/m!

RG-213! 10.29 mm! 0.475 dB/m! 0.829 dB/m!

LMR-400! 10.29 mm! 0.217 dB/m! 0.341 dB/m!

LDF4-50A! 16 mm! 0.118 dB/m! 0.187 dB/m!

http://www.ocarc.ca/coax.htm!



1. Problem statement 

5!

Transmission Lines 

© Amanogawa, 2006 – Digital Maestro Series 39

Transmission Line Equations 
A typical engineering problem involves the transmission of a signal 
from a generator to a load.  A transmission line is the part of the 
circuit that provides the direct link between generator and load. 
Transmission lines can be realized in a number of ways.  Common 
examples are the parallel-wire line and the coaxial cable.  For 
simplicity, we use in most diagrams the parallel-wire line to 
represent circuit connections, but the theory applies to all types of 
transmission lines.  
 
 
 
 
 
 
 
 
  
 

 

ZR

ZG
VG Transmission line 

LoadGenerator 
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6!



Transmission Lines 

© Amanogawa, 2006 – Digital Maestro Series 41

If you are only familiar with low frequency circuits, you are used to 
treat all lines connecting the various circuit elements as perfect 
wires, with no voltage drop and no impedance associated to them 
(lumped impedance circuits). This is a reasonable procedure as 
long as the length of the wires is much smaller than the wavelength 
of the signal.  At any given time, the measured voltage and current 
are the same for each location on the same wire.  
 
 
 
 
 
 
 
 
 
 

     R
R G

G R

ZV V
Z Z

 
�

 

 

ZR

ZG
VG 

LoadGenerator

L << O 

VR VR VR

Case 1: L<<λ!
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Let’s look at some examples. The electricity supplied to households 
consists of high power sinusoidal signals, with frequency of 60Hz 
or 50Hz, depending on the country.  Assuming that the insulator 
between wires is air (H | H0), the wavelength for 60Hz is: 

8
62.999 10 5.0 10 5,000

60
c m km
f

u
O   | u   

which is the about the distance between S. Francisco and Boston!    
Let’s compare to a frequency in the microwave range, for instance 
60 GHz. The wavelength is given by 

8
3

9
2.999 10 5.0 10 5.0
60 10

c m mm
f

�u
O   | u  

u
 

which is comparable to the size of a microprocessor chip. 

Which conclusions do you draw? 

Orders of magnitudes!
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For sufficiently high frequencies the wavelength is comparable with 
the length of conductors in a transmission line. The signal 
propagates as a wave of voltage and current along the line, because 
it cannot change instantaneously at all locations. Therefore, we 
cannot neglect the impedance properties of the wires (distributed 
impedance circuits).  
 
                                                
                                                z z(z) j jV V e V e� � E � E �  
    
 
 
 
 
 
 
 
 
 

ZG

VG 

 

ZR

LoadGenerator 

     L  

V( 0 ) V( z ) V( L ) 

Case 2 : L>>λ!
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The simplest circuit problem that we can study consists of a 
voltage generator connected to a load through a uniform 
transmission line.  In general, the impedance seen by the generator 
is not the same as the impedance of the load, because of the 
presence of the transmission line, except for some very particular 
cases:  
      
          in RZ Z                     inZ  
 
 
  

    [ integer ]
2

nL n  
O

  

 
 
 
Our first goal is to determine the equivalent impedance seen by the 
generator, that is, the input impedance of a line terminated by the 
load. Once that is known, standard circuit theory can be used. 

ZR Transmission line 

L

only if 
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ZR

ZG

VG 
Transmission line 

LoadGenerator 

Equivalent LoadGenerator

Zin 

 ZG

VG 

2. Looking for an equivalent network!
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A uniform transmission line is a “distributed circuit” that we can 
describe as a cascade of identical cells with infinitesimal length.  
The conductors used to realize the line possess a certain series 
inductance and resistance.  In addition, there is a shunt capacitance 
between the conductors, and even a shunt conductance if the 
medium insulating the wires is not perfect. We use the concept of 
shunt conductance, rather than resistance, because it is more 
convenient for adding the parallel elements of the shunt.  We can 
represent the uniform transmission line with the distributed circuit 
below (general lossy line) 
 
 
 
 
 
 
 
 
 
 

L dz L dz R dz R dz

C dz C dzG dz G dz

dz dz

Line equivalent network!

Transmission Lines 
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The impedance parameters L, R, C, and G represent: 

L = series inductance per unit length 
R = series resistance per unit length 
C = shunt capacitance per unit length 
G = shunt conductance per unit length. 

Each cell of the distributed circuit will have impedance elements 
with values: Ldz, Rdz, Cdz, and Gdz, where dz is the infinitesimal 
length of the cells. 
 
If we can determine the differential behavior of an elementary cell of 
the distributed circuit, in terms of voltage and current, we can find a 
global differential equation that describes the entire transmission 
line.  We can do so, because we assume the line to be uniform 
along its length.   
 
So, all we need to do is to study how voltage and current vary in a 
single elementary cell of the distributed circuit. 

12!



Without losses!

Transmission Lines 

© Amanogawa, 2006 – Digital Maestro Series 49

 
� Loss-less Transmission Line 
 
In many cases, it is possible to neglect resistive effects in the line.  
In this approximation there is no Joule effect loss because only 
reactive elements are present.  The equivalent circuit for the 
elementary cell of a loss-less transmission line is shown in the 
figure below. 
 
 
 
 
 
 
 
 
 
 
 
 

L dz

C dz

dz

V (z) V (z)+dV

I (z) I (z)+dI
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Signal propagation is quantified in terms of the 
solution of the so-called Telegrapher’s equations!
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One can easily obtain a set of uncoupled equations by 
differentiating with respect to the space coordinate.  The first order 
differential terms are eliminated by using the corresponding  
telegraphers’ equation 

                     
d
dz
I j C V � Z  

2
2

2

2
2

2

d d
dzdz

d d
dzdz

V Ij L j L j CV LC V

I Vj C j C j L I LC I

 � Z  Z Z  �Z

 � Z  Z Z  � Z

 

                     
d
dz
V j L I � Z  

 
These are often called “telephonists’ equations”. 14!
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We have now two uncoupled second order differential equations for 
voltage and current, which give an equivalent description of the 
loss-less transmission line.  Mathematically, these are wave 
equations and can be solved independently.   
 
The general solution for the voltage equation is 
 

z z(z) j jV V e V e� � E � E �  
 
 
where the wave propagation constant is 
 

LCE  Z  
 
 
Note that the complex exponential terms including E have unitary 
magnitude and purely “imaginary” argument, therefore they only 
affect the “phase” of the wave in space.   
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We have the following useful relations: 
 

0 0

2 2
p p

r r
r r

f
v v

c

S S Z
E    

O

Z H P
  Z H P H P  Z H P

 

 
Here, pv fO   is the wavelength of the dielectric medium 
surrounding the conductors of the transmission line and  

0 0

1 1
p

r r
v   

H H P P H P
 

 
is the phase velocity of an electromagnetic wave in the dielectric.   

As you can see, the propagation constant E can be written in many 
different, equivalent ways. 
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The current distribution on the transmission line can be readily 
obtained by differentiation of the result for the voltage  
 

z zd
dz

j jV j V e j V e j L I� � E � E � E � E  � Z  

 
which gives 
 

� � � �z z z z

0

1(z) j j j jCI V e V e V e V e
L Z

� � E � E � � E � E �  �  

 
The real quantity 
 

0
LZ
C

  

is the “characteristic impedance” of the loss-less transmission line.   
17!



With losses!
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� Lossy Transmission Line 
 
 
The solution for a uniform lossy transmission line can be obtained 
with a very similar procedure, using the equivalent circuit for the 
elementary cell shown in the figure below. 
 
 
 
 
 
 
 
 
 
 
 
 
 

L dz R dz

C dz

dz

G dzV (z) V (z)+dV

I (z) I (z)+dI
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One can easily obtain a set of uncoupled equations by 
differentiating with respect to the coordinate z as done earlier 
 

                                             
d ( )
dz
I j C G V � Z �  

2

2

2

2

d d( ) ( )( )
dzdz

d d( ) ( )( )
dzdz

V Ij L R j L R j C G V

I Vj C G j C G j L R I

 � Z �  Z � Z �

 � Z �  Z � Z �

 

                                                
d ( )
dz
V j L R I � Z �  

These are the “telephonists’ equations” for the lossy line. 

Telegrapher’s equations with losses!
Transmission Lines 
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The current distribution on a lossy transmission line can be readily 
obtained by differentiation of the result for the voltage  

z zd ( )
dz
V j L R I V e V e� �J � J � Z �  �J � J  

which gives 

z z

z z

0

( )(z) ( )
( )

1 ( )

j C GI V e V e
j L R

V e V e
Z

� �J � J

� �J � J

Z �
 �

Z �

 �
 

with the “characteristic impedance” of the lossy transmission line    

0
( )
( )
j L RZ
j C G
Z �

 
Z �

 
Note:  the characteristic 
impedance is now complex !

19!



Transmission Lines 

© Amanogawa, 2006 – Digital Maestro Series 64

For both loss-less and lossy transmission lines 
 

the characteristic impedance does not depend on the line length 
 
but only on the metal of the conductors, the dielectric material 
surrounding the conductors and the geometry of the line cross-
section, which determine L, R, C, and G.   
One must be careful not to interpret the characteristic impedance 
as some lumped impedance that can replace the transmission line 
in an equivalent circuit.   

This is a very common mistake! 

 
 
 
 
 
 

Z0 ZR ZR Z0

Common mistakes!
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3. Propagation in a line!

Transmission Lines 

© Amanogawa, 2006 – Digital Maestro Series 65

We have obtained the following solutions for the steady-state 
voltage and current phasors in a transmission line: 
 
   Loss-less line        Lossy line 

� �
z z

z z

0

(z)
1

(z)

j j

j j

V V e V e

I V e V e
Z

E E

E E

� � �

� � �

 �

 �
       � �

z z

z z

0

(z)
1

(z)

V V e V e

I V e V e
Z

J J

J J

� � �

� � �

 �

 �
 

 
Since V (z) and I (z) are the solutions of second order differential 
(wave) equations, we must determine two unknowns, V + and V�, 
which represent the amplitudes of steady-state voltage waves, 
travelling in the positive and in the negative direction, respectively. 
 
Therefore, we need two boundary conditions to determine these 
unknowns, by considering the effect of the load and of the 
generator connected to the transmission line. 
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ZR

ZG

VG 
Transmission line 

LoadGenerator 

Equivalent LoadGenerator

Zin 

 ZG

VG 

General case!
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Before we consider the boundary conditions, it is very convenient 
to shift the reference of the space coordinate so that the zero 
reference is at the location of the load instead of the generator.  
Since the analysis of the transmission line normally starts from the 
load itself, this will simplify considerably the problem later.  
 
 
 
 
 
 
 
 
 
 
 
 
We will also change the positive direction of the space coordinate, 
so that it increases when moving from load to generator along the 
transmission line.   

z
d 

0

ZR 
New Space Coordinate 

Transmission Lines 
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We adopt a new coordinate d = � z, with zero reference at the load 
location. The new equations for voltage and current along the lossy 
transmission line are  
 
  Loss-less line         Lossy line 

� �
d d

d d

0

(d)

1
(d)

j j

j j

V V e V e

I V e V e
Z

E E

E E

� � �

� � �

 �

 �
          � �

d d

d d

0

(d)

1
(d)

V V e V e

I V e V e
Z

J J

J J

� � �

� � �

 �

 �
 

 
At the load (d = 0) we have, for both cases, 
 

� �
0

(0)
1(0)

V V V

I V V
Z

� �

� �

 �

 �
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We adopt a new coordinate d = � z, with zero reference at the load 
location. The new equations for voltage and current along the lossy 
transmission line are  
 
  Loss-less line         Lossy line 

� �
d d

d d

0

(d)

1
(d)

j j

j j

V V e V e

I V e V e
Z

E E

E E

� � �

� � �

 �

 �
          � �

d d

d d

0

(d)

1
(d)

V V e V e

I V e V e
Z

J J

J J

� � �

� � �

 �

 �
 

 
At the load (d = 0) we have, for both cases, 
 

� �
0

(0)
1(0)

V V V

I V V
Z

� �

� �

 �

 �
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For a given load impedance ZR , the load boundary condition is 
 

(0) (0)RV Z I  
 
Therefore, we have 
 

� �
0
RZV V V V
Z

� � � ��  �  

 
from which we obtain the voltage load reflection coefficient 
 
 

0

0

R
R

R

Z ZV
Z ZV

*
�

�
�

  
�

 

 
 

24!



Transmission Lines 

© Amanogawa, 2006 – Digital Maestro Series 69

We can introduce this result into the transmission line equations as 
   Loss-less line        Lossy line 

� �
� �

d 2 d

d
2 d

0

(d) 1

(d) 1

j j
R

j
j

R

V V e e

V e
I e

Z

E E

E
E

*

*

� �

�
�

 �

 �
        

� �
� �

d 2 d

d
2 d

0

(d) 1

(d) 1

R

R

V V e e

V e
I e

Z

J J

J
J

*

*

� �

�
�

 �

 �
 

At each line location we define a Generalized Reflection Coefficient 

 2 d(d) j
R e

� E*  *              2 d(d) R e
� J*  *  

and the line equations become 

  

� �

� �

d

d

0

(d) 1 (d)

(d) 1 (d)

j

j

V V e

V eI
Z

E

E

*

*

�

�

 �

 �
           

� �

� �

d

d

0

(d) 1 (d)

(d) 1 (d)

V V e

V eI
Z

J

J

*

*

�

�

 �

 �
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We define the line impedance as 

 
 
A simple circuit diagram can illustrate the significance of line 
impedance and generalized reflection coefficient: 
 
 
 
 
 
 
 
 
 
 

Zeq=Z(d)
*Req = *(d) 

d 0

ZR 

0
(d) 1 (d)(d)
(d) 1 (d)
VZ Z
I

�*
  

�*
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If you imagine to cut the line at location d, the input impedance of 
the portion of line terminated by the load is the same as the line 
impedance at that location “before the cut”. The behavior of the line 
on the left of location d is the same if an equivalent impedance with 
value Z(d) replaces the cut out portion.  The reflection coefficient of 
the new load is equal to *(d) 

If the total length of the line is L, the input impedance is obtained 
from the formula for the line impedance as 

The input impedance is the equivalent impedance representing the 
entire line terminated by the load. 

0
(L) 1 (L)
(L) 1 (L)

in
in

in

V VZ Z
I I

�*
   

�*

0

0

( ) Req
Req

Req

Z Z
d

Z Z
�

*  *  
�

27!



Transmission Lines 

© Amanogawa, 2006 – Digital Maestro Series 74

The characteristic impedance of the low-loss line is a real quantity 
for all practical purposes and it is approximately the same as in a 
corresponding loss-less line 
 

0
R j L LZ
G j C C
� Z

 |
� Z

 

 
and the phase velocity associated to the wave propagation is  
 

1
pv LC

Z
 |
E

 

 
 
BUT NOTE: 
 
In the case of the low-loss line, the equations for voltage and 
current retain the same form obtained for general lossy lines.   
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Again, we obtain the loss-less transmission line if we assume  
 

0 0R G   
 
This is often acceptable in relatively short transmission lines, where 
the overall attenuation is small.  
 
As shown earlier, the characteristic impedance in a loss-less line is 
exactly real 
 

0
LZ
C

  

 
while the propagation constant has no attenuation term 
 

( )( )j L j C j LC jJ  Z Z  Z  E  
 
The loss-less line does not dissipate power, because D = 0.  
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For all cases, the line impedance was defined as   
 

0
(d) 1 (d)(d)
(d) 1 (d)
VZ Z
I

� *
  

� *
 

 
By including the appropriate generalized reflection coefficient, we 
can derive alternative expressions of the line impedance: 
 
A) Loss-less line 

2 d
0

0 02 d 0

tan( d)1(d)
tan( d)1

j
RR

j RR

Z jZeZ Z Z
jZ Ze

� E

� E
� E� *

  
E �� *

 

 
B) Lossy line (including low-loss) 

2 d
0

0 02 d 0

tanh( d)1(d)
tanh( d)1

RR
RR

Z ZeZ Z Z
Z Ze

� J

� J
� J� *

  
J �� *
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4. Maximal power transmission!
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The time-average power, injected into the input of the transmission 
line, is maximized when the input impedance of the transmission 
line and the internal generator impedance are complex conjugate of 
each other. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Z ZG in *

Zin 

 

ZR

ZG

Transmission line 

LoadGenerator 

for maximum power transfer

VG 
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The characteristic impedance of the loss-less line is real and we 
can express the power flow, anywhere on the line, as 

� �

� �

*

d 2 d

** d 2 d

0
2 2 2

0 0

1(d , ) Re{ (d) (d) }
2
1 Re 1
2

1 ( ) 1

1 1
2 2

j j
R

j j
R

R

P t V I

V e e

V e e
Z

V V
Z Z

E E

E E

*

*

*

Incident Reflected w wave ave
� ���	 �
 �� 	� 


� �

� � �

� �

¢ ²  

­ �®
¯

½
� ¾

¿
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This result is valid for any location, including the input and the load,  
since the transmission line does not absorb any power. 

32!



Particular cases!
Transmission Lines 

© Amanogawa, 2006 – Digital Maestro Series 92

Special Cases 
 

0RZ o   (SHORT CIRCUIT)  
 
 
 
 
 
 
 
 
The load boundary condition due to the short circuit is V (0) = 0 

0 2 0(d 0) (1 )

(1 ) 0
1

j j
R

R

R

V V e e

V

� E � E

�

�   � *

 � *  

� *  �

 

ZR = 0 Z0 
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 RZ of  (OPEN CIRCUIT)   
 
 
 
 
 
 
 
The load boundary condition due to the open circuit is I (0) = 0 
 

0 2 0

0

0

(d 0) (1 )

(1 ) 0

1

j j
R

R

R

VI e e
Z

V
Z

�
E � E

�

�   � *

 � *  

� *  

 

ZR o f Z0 
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0RZ Z (MATCHED  LOAD)    

 
 
 
 
 
 
 
 
The reflection coefficient for a matched load is 

0 0 0
0 0 0

0R
R

R

Z Z Z Z
Z Z Z Z

� �
*    

� �
no reflection!  

The line voltage and line current phasors are 
d 2 d d

d 2 d d

0 0

(d) (1 )

( ) (1 )

j j j
R

j j j
R

V V e e V e

V VI d e e e
Z Z

� E � E � E

� �
E � E E

 � *  

 � *  
 

ZR = Z0 Z0

Particular cases!
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Short circuited transmission line – Fixed frequency 
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Particular cases!
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Open circuit transmission line – Fixed frequency 
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5. Transient propagation 
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A voltage signal f (t) launched on a lossless line
propagates unaltered with speed vp dependent on the
transmission-line properties.
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The characteristic impedance dictates the
amplitude of the voltage waveform launched
on the line
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Discontinuities in the characteristic impedance
of a transmission line give rise to reflections
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Maintaining a fairly constant value of the characteristic impedance
along an interconnect path is essential for reflection suppression.
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Source and load impedances impact transmission line
performance of the interconnect
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Source and load impedances impact transmission line
performance of the interconnect
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Example: Unterminated interconnect (ZL=∞) driven by high
source impedance driver with ZS>>Z0 (e.g. unbuffered CMOS)
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Example: Unterminated interconnect (ZL=∞) driven by low
source impedance driver with ZS<Z0 (e.g. ECL or strong TTL)
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