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Spectral Theorem for compact self-adjoint
operators

Aim: give the main tools to prove the spectral theorem

Theorem (Spectral Theorem)
H , infinite dimensional, Hilbert space. T : H → H compact,
self-adjoint, one-to-one operator.
∃ (ek )k∈N orthonormal basis of H;
∃ (λk )k∈N real, , λk decreasing λk → 0;

Tx =
∑
k∈N

λk 〈x ,ek 〉ek .
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Spectral theorem - comments

T has a matrix of the form
ker T E1 E2 · · ·

e1,1, . . . ,en1,1 e1,2, . . . ,en2,2
ker T 0 0 0 · · ·
e1,1

...
en1,1

0
λ1 0

. . .
0 λ1

0

e1,2
...

en2,2

0
λ2 0

. . .
0 λ2

0 0

. . . 0
. . .

0
. . .
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First step

The proof is an induction
i F1 = E‖T‖ ⊕ E−‖T‖
ii π±1 ⊥-projection on E±‖T‖ Π1 = π+

1 + π−1 projection on F1;
iii m1 = dim E‖T‖, m2 = dim E−‖T‖ et d1 = m1 + m2 ≥ 1;
iv e1, . . . ,em1 ONB of E‖T‖ & em1+1, . . . ,ed1 ONB of E−‖T‖

e1, . . . ,ed1 ONB of F1;
v λ1 = · · · = λm1 = ‖T‖, λm1+1 = · · · = λd1 = −‖T‖.

T = Π1T Π1︸ ︷︷ ︸∑d1
k=1 λk 〈x ,ek 〉ek

+ (I − Π1)T (I − Π1)︸ ︷︷ ︸
=T1
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Spectral theorem - comments

T has a matrix of the form
E1 E2 · · ·

e1, . . . ,en1 en1+1, . . . ,en2

e1
...

en1

‖T‖ 0
. . .

0 −‖T‖
0

en1+1
...

en2

λ2 0
. . .

0 λ2

0

. . . 0
. . .

0
. . .
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Second step

T1 = (I − Π1)T (I − Π1) self-adjoint, compact, ‖T1‖ ≤ ‖T‖.

Observation
‖T1‖ < ‖T‖

Proof: If not, ∃x , ‖x‖ = 1, T1x = ‖T‖x (or T1x = −‖T‖x)
— (I − Π1)x = x otherwise ‖(I − π1)x‖ < ‖x‖ and then

‖T‖ = ‖T1x‖ = ‖(I − Π1)T (I − Π1)x‖ ≤ ‖T‖‖(I − Π1)x‖ < ‖T‖

— so ‖T‖x = T1x = (I − Π1)T (I − Π1)x = (I − Π1)Tx = Tx − Π1Tx

Tx = ‖T‖x︸ ︷︷ ︸
∈Im (I−Π1)

+Π1Tx
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Second step

(I − Π1)x = x & Tx = ‖T‖x︸ ︷︷ ︸
∈Im (I−Π1)

+Π1Tx

– thus
‖Tx‖2 = ‖T‖2‖x‖2 + ‖Π1Tx‖2

Π1Tx = 0 Tx = ‖T‖x i.e. x ∈ E‖T‖ a contradiction
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Induction

T =
n−1∑
k=1

ΠkT Πk +

(
I −

n−1∑
k=1

Πk

)
T

(
I −

n−1∑
k=1

Πk

)
︸ ︷︷ ︸

=Tn−1

i Fn = E‖Tn−1‖ ⊕ E−‖Tn−1‖
ii π±n ⊥-projection on E±‖Tn−1‖ Πn = π+

n + π−n projection on Fn;
iii m2n−1 = dim E‖Tn‖, m2n = dim E−‖Tn‖ et dn = m2n−1 + m2n ≥ 1;
iv edn−1+1, . . . ,edn−1+m2n−1 ONB of E‖Tn‖ & edn−1+m2n−1+1, . . . ,edn

ONB of E−‖Tn‖ edn−1+1, . . . ,edn ONB of F1;
v λdn−1+1 = · · · = λdn−1+m2n−1 = ‖Tn−1‖,
λdn−1+m2n−1+1 = · · · = λdn = −‖Tn−1‖.

T =
∑n

k=1 ΠkT Πk + (I −
n∑

k=1

Πk )T (I −
n∑

k=1

Πk )︸ ︷︷ ︸
=TnPhilippe Jaming (Université de Bordeaux) Spectral Theorem 2 Master Math & Applications 9 / 11
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Conclusion

We want to show that T =
+∞∑
k=1

ΠkT Πk that is Tn → 0.

We have ‖Tn‖ < ‖Tn−1‖ (λk decreases).
Write Dn = d1 + · · ·+ dn and note that |λDn | = · · · = |λDn+1−1| = ‖Tn‖
If not, (eDn ) infinite orthogonal system so eDn ⇀ 0 (weakly),thus
TeDn → 0 strongly (T compact).

|λDn | = |λDn |‖eDn‖ = ‖TeDn‖ → 0.
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That’s all!

Thank you for your attention!

http://www.u-bordeaux.fr/˜pjaming/enseignement/M1.html
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