Exercises on numerical schemes for differential equations

1 Comparison of numerical schemes

We consider the differential equations :

and

with the initial condition x(0) = 1.

1. For each of these equations, compute the numerical solution at time ¢ = 0.2 using the time step
At = 0.1, with the Euler method, the Heun’s method, the second order Runge-Kutta method.

— Euler method :
(a) For 2/(t) = =(t)
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(b) For 2/(t) =x(t) +t—1
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— Heun’s method :

= xn+ At f(ty, zy)

= z(0)=1

= xo+ Atf(to,x0)

= 1.4+40.1x1.=1.1

= x1+ At f(ty,z1)
1.1+01x11=1.21

Ty + At f(tn, zy)

z(0) =1

xo + At f(to, xo)

1.4+0.1x (1.+0.— 1) = 1.

z1 + Atf(t1, 1)

1.+0.1x (1. +0.1—1) =1.01



(a) For 2/(t) = =(t)

Tptl = Tp+ % (f(tna l'n) + f(thrla Ty + Atf(tna fEn)))

o = z(0)=1

ry = xo-+ g (f(to, l'()) + f(tl, xo + Atf(to, xo)))

2
At
r1 = :Eo—i—?(l‘(]—{—l‘o—l—Atl‘o)
0.1
7= LA (L+L+01x1)
r1 = 1.105
At
Ty = $1+?(f(tl,ﬂﬂl)+f(t2>$1+Atf(t1,$1)))

At
Ty = X1+ 7(:61 + 21 + At )

0.1
Ty = 1.105—1—7(1.105—1-1.105—1-0.1 x 1.105)
o = 1.221025

(b) For z'(t) = x(t) +t —1

Tp+l = Tp+ % (f(tnv Tp) + f(tny1, oo + At f(tn, xn)))

o = z(0)=1

r1 = T+ g(f(to, xo) + f(t1,z0 + Atf(to, 960)))

2
At
T = ﬂfo-l-?(xo—f-to—1.+$0+At($0+t0—1.)+t1—1.)
0.1
T = 1.—|—7(1.+0.—1.+1.+0.1><(1.+0.—1.)-|—0.1—1.)
xr1 = 1.005

xry = $1+*< (ti,z1) + f t2,$1+Atf(t1a$1))>
(z

T9 = 1’14—* 1+t — L +x+At(xg +t — 1)+t — 1))
0.1

To = 1.0054—7(1.0054-0.1 — 1.4 1.005+ 0.1 x (1.0054+ 0.1 —1.) + 0.2 — 1.)
0.03205

To = 1.005+ = 1.021025

— second-order Runge-Kutta method :



(a) For 2/(t) = =(t)

At At
Tn+l = Tp+ At f(tn + ?a Tn + ?f(tmxn))
o = z(0)=1
At At
r1 = zo+ At f(t() + 7,1‘0 + Tf(to,xo))
At
r1 = xo+ At (1‘0 + ?ZEO)
0.1
rg = 1.4+0.1x (1. + > X 1.) =1.105
At At
ry = x1+Atf(t+ 5o + Tf(thxl))
At
Ty = @1+ At(r+ ?m)
0.1
ro = 1.1054+0.1 x (1.105 + > X 1.105)
ro = 1.221025
(b) For 2/(t) = x(t) +t — 1
At At
Tntl = Tp+ At f(tn + 7a$n + 7f(tna -Tn))
o = z(0)=1
At At
r1 = zo9+ At f(to + 7,1’0 + Tf(t()’ JI()))
At At
ry = ZCo—i-At(.To—i-?(ZCo—i-t(]—1.)+t0+?—1.)
0.1 0.1
rg = 1.4+40.1x (1.+7(1.+0.—1.)+0.+7—1.) = 1.005
At At
xy = x1+ At f(t + DREL + 7f(t1,$1))
At At
T9 = $1+At(x1+7(:€1+t1—1.)+t1+?—1.)
At At
To = X1+ At((:ﬂl +t — 1)(1 + ?) + ?)

o = 1.021025

2. Compare the obtained values with the exact solution : which method seems the more accurate,
the less accurate ?

The exact solution for the first differential equation at time 7' = 0.2 is e(*?) ~ 1.2214027. The
exact solution for the first differential equation at time 7 = 0.2 is e(0-2) —1—% —0.2 ~ 1.0414027.
The less accurate method is the Euler method, the more accurate method are the Heun’s method
and the second order Runge-Kutta method. In passing you can notice that for these differential
equations the Heun’s method and the second order Runge-Kutta method yield exactly the same
results.



